Nowadays the geometric approach in optics is often used to find out media parameters based on propagation paths of the rays because in this case it is a direct problem. However inverse problem in the framework of geometrized optics is usually not given attention.
INTRODUCTION
Geometrized approach to Maxwell's equations has passed through several stages in its development. Initial interest was caused by the General theory of relativity. The works of L. I. Mandelstam, I. E. Tamm, 1-3 W. Gordon 4 belong to this period. In the absence of practical applications the interest for this subject has gone. A new surge of interest arose during the Golden age of the theory of relativity (1960) (1961) (1962) (1963) (1964) (1965) (1966) (1967) (1968) (1969) (1970) (1971) (1972) (1973) (1974) (1975) . The works of J. Plebanski, 5 F. Felice 6 belong to this period. However, it should be note that in this period scientists failed to determine the application of developed theory.
A new outbreak of interest in the geometric approach emerged in the mid 2000 as a side effect of the interest in metamaterials. 7 We shell mention the studies of J. B. Pendry 8, 9 and U. Leonhardt. 10, 11 These works gave rise to the whole direction -transformational optics. 12 For the classical approach to optics the direct and inverse problems are usually formulated as follows:
• the direct problem: from the environment settings to obtain the path of electromagnetic waves propagation;
• the inverse problem: from given propagations paths of electromagnetic waves to obtain environments parameters.
For the geometric approach to optics these problems are swapped:
• the direct problem: for a given distribution paths of electromagnetic waves to obtain environment (medium) parameters;
• the inverse problem: from parameters of the environment to obtain the propagation path of electromagnetic waves.
Therefore, transformation optics works with direct problem of geometric optics (the inverse problem of classical optics).
Usually, in the framework of geometrized optics only a direct problem is solved, i.e. the task of finding the parameters of the environment from the propagation path of electromagnetic waves. This framework does not focuses on the inverse problem, i.e. finding the propagation path of electromagnetic waves according to the known parameters of the medium.
This work aims to consistently present the algorithm of lenses calculations with use of geometrized optics approach and demonstrate the convergence of our results with the results of the classical optics approach.
The structure of this paper is following. In section 2 the basic notation and conventions used in the article are given. In section 3 we describe the algorithm for inverse problem of geometrized optics. In paragraph 4 we present examples of calculation of specific lenses. The results of numerical experiment are presented in graphical form.
NOTATIONS AND CONVENTIONS
1. We will use the notation of abstract indices. 13 In this notation tensor as a complete object is denoted merely by an index (e.g., x i ). Its components are designated by underlined indices (e.g., x i ).
2. We will adhere to the following agreements. Greek indices (α, β) will refer to the four-dimensional space, in the component form it looks like: α = 0, 3. Latin indices from the middle of the alphabet (i, j, k) will refer to the three-dimensional space, in the component form it looks like: i = 1, 3.
THE ALGORITHM OF SOLVING THE INVERSE PROBLEM OF GEOMETRIZED OPTICS
Although geometrized optics deals with the direct problem of obtaining environmental parameters from rays propagation trajectories, it is possible to solve the inverse problem: calculation of lenses parameters.
Let us consider several options for solving the inverse problem geometrized optics, namely, the cases of isotropic and anisotropic media.
We will use the following algorithm for solving the inverse problem.
1. Inputs are the environmental parameters such as the permittivity ε ij and the permeability µ ij and the refractive index n ij . If we take into account specifics of the geometrization based on quadratic metric, we have to consider only the refractive index.
2. From physical considerations, we choose ansatz for the effective metric tensor g αβ .
3. Based on this ansatz we obtain the general form of effective metric tensor g αβ . This process is iterative.
There is no guarantee that the chosen ansatz will give the opportunity to obtain metric tensor. In this case we have to choose another ansatz.
4. By substituting specific values of the parameters of the environment, we will receive a specific implementation of an effective metric tensor g αβ .
Having an effective metric tensor, we can solve geometrized Maxwell equations and obtain the desired propagation path of electromagnetic waves. 14, 15 In this paper we will use the geometric optics approximation. 16, 17 For this case, the rays will be propagated along the geodesic curve: 18, 19 
where x γ (t) are coordinates of geodesic curve. The Christoffel symbols are defined as follows:
For calculations we use the following expressions for geometrized material equations:
Next, let us consider the isotropic and anisotropic cases.
Isotropic Case
Consider the implementation of the inverse problem of geometrization for isotropic case. We will consider the case of diagonal metrics. All spatial diagonal components of the metric tensor are equal to each other. Thus, consider the following ansatz for the metric tensor:
From relations (1) we can write down the expressions for the permittivity and the permeability:
From equations (2) we can write the permittivity and the permeability in the following form:
Then the metric tensor we may rewrite:
Or, considering the ratio: ε ij µ −1 jk = δ i k , it is possible to rewrite (3) as
This ratio coincides with the solution proposed by Tamm. 3 The expression (3) or (4) sets the effective geometry of the environment.
Anisotropic Case
Consider the simplest version of anisotropic medium. For this let us consider the following ansatz for the metric tensor:
From relations (1) we may write down the expressions for the permittivity and the permeability:
Thus, (5) is changed to:
It is easy to see that in the isotropic case, the ratio (6) proceeds in the ratio of (4). The expression (6) sets the effective geometry of the environment.
EXAMPLES OF LENSES CALCULATION IN GEOMETRIZED OPTICS
For examples of calculations we use a widely known Maxwell (fish-eye), 20 and Luneburg 21 lenses. Also, these lenses are important because for them one may obtain analytical solutions. In addition, convergence of solutions in the classical and geometrized approaches could be used for verification.
Maxwell Lens
Maxwell lens 20 is constructed so that, in special case, when the rays emit from a point source located one side of the lens, they are focused at one point on the opposite side of the lens.
The refractive index n changes from 2n 0 in the centre up to n 0 at the surface:
Here R is the radius of the sphere or cylinder. Also usually one consider n 0 = 1. Since in the method of the geometrization based on quadratic metric the permittivity and the permeability are equal, so we can write:
Then, from (4), we get the following metric:
Then we can depict the trajectories of rays as geodesic curves in this space (see Fig. 1 ). This figure shows that the behavior of the trajectories of the rays coincides with the theoretically predicted results from classical optics, 20 that is, the rays, emerging from source on the surface of the lens, are focused at a point located on the the opposite surface of the lens. Here R is the radius of the sphere or cylinder. Also, usually one consider n 0 = 1.
Since in the method of the geometrization based on quadratic metric the permittivity and the permeability are equal, we can write: ε i j = µ i j , ε i j = εδ i j , µ i j = µδ i j , n = √ εµ = ε = µ, ε = µ = 2 − r R 2 , r R, n 0 := 1.
Then we can depict the trajectories of rays as geodesic curves in this space (see Fig. 2 ). This figure shows that the behavior of the trajectories of the rays coincides with the the theoretically prediction of classical optics. 22 The rays, which emerge from a point source on the surface of the lens, form a parallel beam.
CONCLUSION

